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Abstract
We reexamine the B → π+−( = e, μ, τ ) form factors, f B→π+ (q2), f B→π0 (q2) and f B→πT (q2), 
in the entire region of the momentum transfer squared q2, by taking advantage of the complementarity 
between lattice QCD (LQCD) simulation and light cone sum rule approach (LCSR), and analyticity of the 
form factors. A LCSR calculation with a chiral current correlator, which could avoid pollution by twist-3 
components, is performed at twist-2 next-to-leading order (NLO) accuracy, to determinate the form factor 
shapes in the small and intermediate q2 region. Further, fitting simultaneously the LCSR results for these 
form factors and the related LQCD ones (available or based on a SUF (3) symmetry breaking ansatz) to a 
Bourrely–Caprini–Lellouch (BCL) parametrization, we get a global understanding of their q2 behaviors. 
Our findings turn out to be consistent with the recent study by Ali, Parkhomenko and Rusov, and the 
resulting observation for the vector form factor provides support for the existing LQCD as well as LCSR 
predictions extrapolated to the entire kinematically accessible region.
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As is known to all, dileptonic rare B decays induced by flavor-changing neutral current 
(FCNC) serve as an important avenue to test the standard model (SM) and search for physics 
beyond it. Recently, a discovery of the B+ → π+μ+μ− decay has been reported using a 
pp collision data sample, corresponding to integrated luminosity of 1.0f b−1, collected with 
the LHCb experiment at the Large Hadron Collider [1]. The branching ratio is measured at 
B(B+ → π+μ+μ−) = (2.3 ± 0.6(stat.) ± 0.1(syst.)) × 10−8 with 5.2σ significance. It is the 
first time FCNC b → d+− transition has been observed. As data accumulates, more and more 
attention will be paid to this aspect.
Much theoretical effort has been devoted to the exclusive decays B → π+− ( = e, μ, τ ) 
within [3–7,2] and beyond [8–10] the SM. The naive factorization approach is extensively applied 
to estimate their branching ratios, the resulting SM predictions for the dimuonic modes [4–7] be-
ing consistent with the experimental data. Very recently, a detailed discussion appeared [2] on
CP asymmetry in the B → πμ+μ− decays within the framework of QCD factorization (QCDF) 
[11–17], which modifies naive factorization by including the factorizable hard-gluon corrections 
to weak vertex and non-factorizable hard spectator scattering contributions in the limits of the 
heavy quark mass and large recoil energy, identifying W -weak annihilation as an additional 
potential source of CP-asymmetry. A partial understanding is also achievable of the nonlocal 
corrections due to soft-gluon emission and hadronic resonances which could not be covered by 
QCDF, using the QCD light cone sum rule (LCSR) approach applied for the B → K dilep-
tonic modes [18]. Obviously, the largest uncertainty in calculating the decay widths originates 
from the B → π transition form factors f B→π+ (q2), f B→π0 (q2) and f B→πT (q2) (conventionally 
called vector, scalar and tensor form factors, respectively), of which, the first two and fB→πT (q2)
parameterize, respectively, the matrix elements of the vector and the tensor currents as
〈π(p)|d¯γμb|B(p + q)〉 = (2p + q)μf B→π+ (q2)
+ m
2
B −m2π
q2
qμ
(
f B→π0 (q
2)− f B→π+ (q2)
)
,
〈π(p)|d¯σμνqνb|B(p + q)〉 = i
(
(2p + q)μq2 −
(
m2B − m2π
)
qμ
) f B→πT (q2)
mB +mπ , (1)
where the 4-momentum assignment is specified in brackets, and mB (mπ ) denotes the B (π ) 
meson mass. Among the existing QCD approaches to the form factors are lattice QCD (LQCD) 
simulation, LCSR and perturbative QCD (pQCD) methods. However, none of them is available 
in the entire q2 region. Whereas the former, as a rigorous approach, provides predictions at 
large q2, LCSR [19,20] and pQCD [21] approaches are applicable for low and intermediate q2. 
Here it should be added that as compared with the pQCD calculation, in which hard-exchange 
dominates, the LCSR one involves soft-overlap as well as hard-exchange components, and the 
former plays a predominant role. Let us go back to the subject we are discussing. To have an all-
around understanding of q2 behaviors of the form factors, one extrapolates usually theoretical 
predictions of an approach to the whole kinematical region in a certain form factor parameter-
ization. LQCD- and LCSR-based investigations into the form factors in question have already 
been undertaken many times, and some new progresses have been made [22–27]. Concerning 
the application of LCSR approach, at QCD next-to-leading order (NLO) for twist-2 and -3 and 
with the pole mass for the underlying b quark, a complete and detailed computation is given 
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ducted in [29,30,24]. Especially, an updated result for the vector form factor is presented by 
Imsong et al. [24] on the basis of a systematical uncertainty analysis and employed to determine 
the Cabibbo–Kobayashi–Maskawa (CKM) matrix element |Vub|. The pQCD method is also ap-
plied to estimate the form factor shapes in [5,21]. Though all these determinations can give a 
result in agreement with the existing experimental data, they are subject to an uncertainty arising 
mainly from the pion light-cone distribution amplitudes (DAs) and/or extrapolation. To enhance 
the accuracy of predictions for the B → π form factors, a novel approach has recently been sug-
gested [6], in which use is made of available experimental measurements as well as LQCD data 
and heavy quark symmetry relations. For example, the shape of the vector form factor is extracted 
from the experimental data on the B → πν semileptonic decays, while in the case of the tensor 
form factor, the constraints are taken into account from both the LQCD data on the corresponding 
B → K form factor combined with an ansatz on SUF (3) symmetry breaking, and the form factor 
relations in the large recoil limit. However, the vector form factor obtained therein by data-fitting 
is based on use of the result from the CKM-unitarity fits [31], |Vub| = (3.51+0.15−0.14) × 10−3, which 
is incompatible with inclusive determinations. To say at least, even if it reflects the true value of 
|Vub|, the form factor shape extracted experimentally requires a dynamical interpretation.
Taking into account the fact that LCSR approach has exhibited a stronger predictive power 
in its applications to numerous exclusive processes, and could be substantially complementary 
to LQCD simulation in the aspect of predicting the form factors, in this study we intend to 
reevaluate the B → π form factors in an alternative LCSR version suggested in [20,32,26], in 
which a certain chiral current correlator is chosen such that the twist-3 and -5 components do not 
contribute and thus the resulting sum rules receive less pollution than those based on the standard 
correlation functions. Then we combine the resulting theoretical predictions with the available 
LQCD data, including the up-to-date findings from the RBC/UKQCD [22] and Fermilab/MILC 
[23] collaborations, and analyticity of the form factors, presenting a new determination of q2
dependence of the form factors in the whole kinematical region.
This paper is organized as follows. The following section encompasses a concise derivation 
of the LCSR expressions for the B → π vector, scalar and tensor form factors, and a detailed 
numerical analysis, including uncertainty discussion and comparison with several typical deter-
minations with the standard correlation functions. In Section 3, we perform a combined fit of 
the LCSR and LQCD (quasi-model independent) results to a Bourrely–Caprini–Lellouch (BCL) 
parametrization, and give the global behaviors of these form factors. The final section is devoted 
to a summary.
2. LCSR calculation of the B → π+− form factors
Essentially, LCSR approach is through the twist expansion of, say, a vacuum-to-pion correla-
tion function in the small light-cone distance x2 ≈ 0 and in the strong coupling αs , which works 
effectively out some of the problems with the short distance (x ≈ 0) expansion in terms of vac-
uum condensates. To validate the light-cone operator product expansion (OPE), the higher-twist 
terms are required to be suppressed. In the heavy quark expansion [33], it is seen readily that 
higher-twist contributions increase with q2 so that for larger q2 the twist hierarchy breaks down. 
The accessible kinematical region can be approximately fixed at 0 ≤ q2 ≤ 12–14 GeV2. In the 
ensuing LCSR calculation, we will restrict ourself to the interval 0 ≤ q2 ≤ 12 GeV2, to ensure 
the validity of results.
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We employ the following vacuum-to-pion correlation functions to achieve a LCSR estimate 
of the B → π+− form factors,
Fμ(p,q) = i
∫
d4xeiq·x〈π(p)|T {d¯(x)γμ(1 + γ5)b(x),mbb¯(0)i(1 + γ5)u(0)}|0〉
= F
(
q2, (p + q)2
)
pμ + F
(
q2, (p + q)2
)
qμ, (2)
F˜μ(p, q) = i
∫
d4xeiq·x〈π(p)|T {d¯(x)iσμνqν(1 + γ5)b(x),mbb¯(0)i(1 − γ5)u(0)}|0〉
= F˜
(
q2, (p + q)2
)[
qμ(q · p)− pμq2
]
, (3)
with mb being the b quark mass, and take the chiral limit mπ = 0 throughout the derivation. 
Note that a T-product of chiral currents, which keeps the hadronic contribution to the correlation 
function positive definite, is substituted for the corresponding one adopted in the standard ap-
proach. In a large space-like momentum region (p + q)2  0 and the effective q2 interval, the 
correlation functions can be expanded in the small light-cone distance x2 ≈ 0, and further, the 
operator replacements result in an explicitly different OPE, in which, especially, no twist-3 and 
-5 component is involved, as aforementioned and seen below. As a result, the invariant functions 
F(q2, (p + q)2), F(q2, (p + q)2) and F˜ (q2, (p + q)2), which have the generic expansion in αs ,
HQCD
(
q2, (p + q)2
)
= HQCD0
(
q2, (p + q)2
)
+ αsCF
4π
H
QCD
1
(
q2, (p + q)2
)
+ · · ·, (4)
are made accessible at twist-5 level with the existing findings of the twist-2 and -4 DAs. 
The resulting difference in hadronic expression is that there is an additional term due to the 
complete set of scalar (0+) B resonances, which however can be absorbed into the corre-
sponding hadronic dispersion integrals. It can be best illustrated in the case of the V + A
weak current (see (2)). Inserting the complete sets of the states coupling to the chiral opera-
tor JS +JP (= mbb¯(0)i(1 +γ5)u(0)) between the currents of (2), we have the phenomenological 
form of the invariant function F(q2, (p + q)2),
FH (q2, (p + q)2) = 2m
2
BfBf
B→π+ (q2)
m2B − (p + q)2
+ 2m
2
B(0+)fB(0+)f
B(0+)→π
+ (q2)
m2
B(0+) − (p + q)2
+
∞∫
sP0
ds
ρHP (s, q
2)
s − (p + q)2 +
∞∫
sS0
ds
ρHS (s, q
2)
s − (p + q)2 . (5)
The first (second) term on the right-hand side represents the pole contribution from the 0−
(0+) ground state B (B (0+)) (where fB(= mb/m2B〈B|b¯iγ5u|0〉) is the decay constant of B
meson, mB(0+) and fB(0+)(= mb/m2B(0+)〈B|b¯iu|0〉) denote, respectively, the mass and decay 
constant of B(0+) meson, and f B(0
+)→π
+ (q2) does the B(0+) → π form factor corresponding 
to f B→π+ (q2)), whereas the third (final) term, a dispersion integral starting with the threshold 
sP0 (sS0 ) corresponding to the first radially excited 0− (0+) state, denotes the 0− (0+)-resonance 
contribution parameterized by the spectral function ρH(s, q2) (ρH (s, q2)). Summing up the last P S
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to F(q2, (p + q)2):
FH(r)(q
2, (p + q)2) =
∞∫
sP0
ds
ρH (s, q2)
s − (p + q)2 , (6)
with the continuous spectral function ρH(s, q2) = ρHP (s, q2) + ρHS (s, q2)
(s − sS0 ).
The following observations are helpful to handle the contribution due to the 0+ ground-state: 
(1) Such an orbitally excited state should, strictly speaking, be treated as a resonance state with 
a constant total width , but not a stable particle which contributes, as shown in (5), a pole term 
with the corresponding spectral density being a δ-function multiplied by a factor depending on 
the relevant hadronic parameters and form factor. This requires a replacement of the pole form 
with the dispersion expression
FB(0
+)(q2, (p + q)2) =
∞∫
s0
ds
ρB(0
+)(s, q2)
s − (p + q)2 , (7)
where for parameterizing the scalar contribution a threshold parameter numerically smaller than 
sP0 , s0, is introduced alongside a resonance spectral function ρ
B(0+)(s, q2) of the Breit–Wigner 
(BW) form:
ρB(0
+)(s, q2) = 2m2
B(0+)fB(0+)f
B(0+)→π
+ (q2)
mB(0+)
π[(m2
B
(
0+
) − s)2 + 2m2
B(0+)]
, (8)
which approaches, up to a prefactor, δ(s − m2
B(0+)) in the limit  → 0. (2) The existing phe-
nomenological investigations [34,35] based on heavy quark symmetry imply that the 0+ ground 
state is located below and very close to the first radially excited 0− state. Taking these into ac-
count, we can further move the scalar term (7) into the dispersion integral (6) by substituting s0
for sP0 and redefining the hadronic spectral function ρ
H(s, q2) without a break in continuity. So 
far, all the scalar contributions have been dealt with effectively. We have
FH (q2, (p + q)2) = 2m
2
BfBf
B→π+ (q2)
m2B − (p + q)2
+
∞∫
s0
ds
ρH (s, q2)
s − (p + q)2 . (9)
Again we stress that the effective threshold s0 does not correspond to the first radially excited 
0−(0+) state and needs fixing in the standard procedure. Apparently, the addition of the ground-
state scalar contribution fills the gaps in the spectral density and makes it more smooth and more 
like the perturbative one, as argued in [20]. At this point, for the hadronic spectral function 
ρH (s, q2) and the corresponding perturbative one ρQCD(s, q2), which is equal to the pseu-
doscalar current-induced contribution ρQCDP (s, q2) plus that associated with the scalar current 
ρ
QCD
S (s, q
2), we can assume there exists the local duality above the threshold s0. However, there 
is no reason to do the same for the 0− (0+) components of the hadronic and the perturbative 
spectral functions, since in the OPE representation for F(q2, (p + q)2) the pseudoscalar and the 
scalar current contributions, as shown explicitly, always appear in a mixed form, so that they 
do not match, respectively, the 0− and the 0+ hadronic channel contributions. It is essentially 
other than the case of using the operator JP (JS) as the hadronic interpolating current, in which 
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2) (ρHS (s, q
2)) and ρQCDP (s, q2) (ρ
QCD
S (s, q
2)) are assumed to be 
locally dual to each other, to achieve a sum rule for fB→π+ (q2))(f
B(0+)→π
+ (q2)). The same ar-
gument applies to the case of F(q2, (p + q)2), whose phenomenological expression, in which 
the scalar form factor is involved, can be achieved in a similar manner.
The rest is straightforward. Equating the phenomenological expression for the correlation 
function (2) and its OPE form,
FQCDμ (p,q) = FQCD
(
q2, (p + q)2
)
pμ + FQCD
(
q2, (p + q)2
)
qμ, (10)
and performing the continuum subtraction, we have
2m2BfBf
B→π+ (q2)
m2B − (p + q)2
= 1
π
s0∫
m2b
ImFQCD(s, q2)
s − (p + q)2 ds, (11)
m4BfB
q2(m2B − (p + q)2)
(
f B→π0 (q
2)− m
2
B − q2
m2B
f B→π+ (q2)
)
= 1
π
s0∫
m2b
ImFQCD(s, q2)
s − (p + q)2 ds,
(12)
with f B→π0 (q2) = f B→π+ (q2). After the Borel improvement (p+q)2 → M2 for the above equa-
tions, the sum rules for the vector and the scalar form factors read:
f B→π+ (q2) =
1
2m2BfB
em
2
B/M
2
F(q2,M2, s0), (13)
f B→π0 (q
2) = m
2
B − q2
m2B
f B→π+ (q2)+
q2
m4BfB
em
2
B/M
2
F(q2,M2, s0), (14)
where the functions F(q2, M2, s0) and F(q2, M2, s0) have the following form,
H(q2,M2, s0) = 1
π
s0∫
m2b
ds e−s/M2 ImHQCD(s, q2)
= H0(q2,M2, s0)+ αsCF4π H1(q
2,M2, s0)+ · · ·. (15)
For the correlation function (3), the analogous manipulation results in the sum rule for the tensor 
form factor,
f B→πT (q
2) = 1
2mBfB
em
2
B/M
2
F˜ (q2,M2, s0), (16)
with F˜ (q2, M2, s0) being defined the same as F(q2, M2, s0) and F(q2, M2, s0).
Here the emphasis is on the fact that the chiral correlator-based sum rule expression, say, for 
f B→π+ (q2), is obtained explicitly by subtracting the contributions not only from the pseudoscalar 
resonances but also from the scalar-set, which are embedded in the hadronic dispersion integral 
over the spectral function ρH (s, q2)
(s − s0) (the second term on the right hand side of (9)), 
and should be numerically restricted to be much smaller than the overall hadronic contribution 
to effectively determine the upper-limit on the Borel variable M2 that can be viewed neither 
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combination of both sum rules yielded separately using the pseudoscalar and the scalar currents 
as the hadronic interpolating fields, which have different thresholds and Borel intervals.
Now we perform the OPE calculation by restricting ourselves to NLO accuracy for 
the two-particle (qq¯) contributions. The LO functions, F0(q2, M2, s0), F 0(q2, M2, s0) and 
F˜0(q2, M2, s0), are easy to get, by contracting the b quark fields of (2) and (3) to the free quark 
propagator plus a correction term from one-gluon emission and using the definition of the pion 
DAs [36–38]. The results read,
F0(q
2,M2, s0) = 2m2bfπ
1∫
u0
due
−m
2
b
−q2 u¯
uM2
{
ϕπ(u)
u
+ 1
m2b − q2
(
− m
2
bu
4(m2b − q2)
d2φ4π (u)
du2
+ uψ4π (u) +
u∫
0
dvψ4π(v)− d
du
J4π (u)
⎞⎠⎫⎬⎭ , (17)
F 0(q
2,M2, s0) = 2m2bfπ
1∫
u0
due
−m
2
b
−q2 u¯
uM2
1
m2b − q2
ψ4π (u), (18)
F˜0(q
2,M2, s0) = 2mbfπ
1∫
u0
due
−m
2
b
−q2 u¯
uM2
{
ϕπ(u)
u
+ 1
m2b − q2
(
1
4
dφ4π (u)
du
− m
2
bu
2(m2b − q2)
d2φ4π (u)
du2
− d
du
J˜4π (u)
)}
. (19)
In the above, u¯ = 1 − u, u0 = (m2b − q2)/(s0 − q2), fπ indicates the pionic decay constant, 
J4π (u) and J˜4π (u) are two integral functions:
J4π (u) =
u∫
0
dα1
1∫
u−α1
1−α1
dv
v
[
24π (αi)+ 2˜4π (αi)
−4π (αi)− ˜4π (αi)
]∣∣∣α2=1−α1−α3
α3=(u−α1)/v
, (20)
J˜4π (u) =
u∫
0
dα1
1∫
u−α1
1−α1
dv
v
[
24π (αi)+ 2(1 − 2v)˜4π (αi)
−(1 − 2v)4π (αi)− ˜4π (αi)
]∣∣∣α2=1−α1−α3
α3=(u−α1)/v
; (21)
ϕπ(u) denotes the leading twist-2 DA, while φ4π(u), ψ4π (u) and those functions included in the 
integrands of (20) and (21) have all twist-4. No twist-3 DA enters the above expressions, because 
of the corresponding Dirac structures (∼ γ5, γ5σμν). For example, the following Dirac trace,
Tr{[u(u¯p)d¯(up)]︸ ︷︷ ︸γμ(1 + γ5)(/q + u/p +mb)(1 + γ5)}, (22)
wavefunction
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which appears in calculating the two-particle (qq¯) contribution to the correlation function (2), 
vanishes explicitly for twist-3. For the same reason, this conclusion, as checked readily, holds 
also true to any order in perturbative QCD, which reduces our one-loop calculation to that of the 
twist-2 NLO correction.
By substituting (17), (18) and (19), respectively, into (13), (14) and (16), the resulting sum 
rules for f B→π+ (q2), f B→π0 (q2) and f
B→π
T (q
2) respect, up to the higher twist and QCD ra-
diative corrections, the following relations which are similar to the observations in the limits of 
heavy quark mass and large recoil energy [13,39,40]:
f B→π0 (q
2) = m
2
B − q2
m2B
f B→π+ (q2), (23)
f B→πT (q2) =
mB
mb
f B→π+ (q2)
= m
3
B
mb
(
f B→π+ (q2)− f B→π0 (q2)
q2
)
. (24)
Therefore, in such an approximation only one independent form factor is necessary for describing 
the non-perturbative QCD dynamics involved in the B → π transitions. In effect, in the case 
of using the standard correlation functions the same relations hold numerically approximately, 
despite not explicitly appearing. All these provide an important validity check of the present 
approach.
Turning to an estimate of the NLO corrections, F1(q2, M2, s0), F 1(q2, M2, s0) and F˜1(q2,
M2, s0), we calculate the invariant functions FQCD1 (q
2, (p + q)2), FQCD1 (q2, (p + q)2) and 
F˜
QCD
1 (q
2, (p + q)2) with the relevant Feynman diagrams plotted in Fig. 1. Apparently they can 
be expressed uniformly as a convolution of the corresponding hard scattering amplitudes with 
the twist-2 DA: for example,
F
QCD
1 (q
2, (p + q)2) = −fπ
1∫
du T H1
(
q2, (p + q)2, u
)
ϕπ(u), (25)0
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2, (p + q)2, u), 
T
H
1 (q
2, (p + q)2, u) and T˜ H1 (q2, (p + q)2, u).
To this end, we take the Feynman gauge, and employ the dimensional regularization scheme 
and the MS mass mb for the underlying b quark. In fact, the same prescription has been em-
ployed to investigate the QCD radiative correction to the vector form factor at q2 = 0 in [26], 
where a detailed derivation of FQCD1 (q
2 = 0, (p + q)2) is presented. Using the technique de-
scribed therein, the invariant functions in question could be worked out. In what follows, we just 
highlight the key points and main results in the NLO calculation. At first we concentrate on a 
discussion of FQCD1 (q
2, (p + q)2). A straightforward calculation shows that there are both ultra-
violet (UV) and infrared (IR) divergences to deal with in T H1 (q2, (p + q)2, u). By performing 
the mass renormalization, mb → Zmmb with Zm being the familiar renormalization constant, the 
UV divergence, as expected, is precisely offset by the one appearing in the resulting LO term, 
leading to an UV finite hard scattering amplitude written down in terms of the MS mass that 
we denote by mb hereafter, unless otherwise stated. As for the IR divergence term, it can be 
eliminated by replacing the bare quantity ϕπ(u) of (25) with a renormalized DA ϕπ(u, μ). As a 
result, we are left with the invariant function FQCD1 (q
2, (p + q)2) expressed by the convolution 
of ϕπ(u, μ) with a scale-dependent NLO hard kernel T H1 (η1, η2, u, μ) of the following form:
T H1 (η1, η2, u,μ) = 4
(
1
1 − η +
η2 − 1
u(η2 − η1)2
)
L(η1)+ 4
(
1
1 − η −
1 − η1
u¯(η2 − η1)2
)
L(η2)
− 4
(
2
1 − η +
η2 − 1 + u(η1 − η2)
uu¯(η1 − η2)2
)
L(η)
− 4
η2
(
η2 − 1
η − 1 −
η2 − 1
u¯(η2 − η1)
)
ln(1 − η2)
− 2
η2
(
η2 − 2
η
− η2
η2
+ 2(η2 − 1)
u¯(η2 − η1)
)
× ln(1 − η)− 2(η + 1)
(η − 1)2
(
3ln
m2b
μ2
− 3η + 1
η
)
, (26)
where η1 = q2/m2b , η2 = (p + q)2/m2b , η = η1 + u(η2 − η1), and L(x) indicates a linear combi-
nation of the form:
L(x) = Li2(x)+ ln2(1 − x)+ ln(1 − x)
(
ln
m2b
μ2
− 1
)
, (27)
with the dilogarithm Li2(x) = − 
∫ x
0 dx
ln(1−x)
x
. It should be understood that here and hereafter 
the factorization scale is specified to be equal to the renormalization one. Putting everything 
together yields the desired result,
F1(q
2,M2, s0) = −fπ
π
s0∫
m2b
dse−s/M2
1∫
0
duImT H1 (η1, η2, u,μ)ϕπ(u,μ), (28)
with η2 = s/m2b > 1 (in the following the same should be understood when taking imaginary 
part for a hard kernel), and
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2π
ImT H1 (η1, η2, u,μ)
= δ(1 − η)
[
6 − 3lnm
2
b
μ2
− 7
3
π2 + 2Li2(η1)− 2Li2(1 − η2)
+ 2
(
ln2(1 − η1)+ ln2(η2 − 1)
)
− 2
(
lnη2 + 1 − η2
η2
)
ln(η2 − 1)
− 2ln ((1 − η1)(η2 − 1))
(
1 − lnm
2
b
μ2
)
− 2
(
4 − 3lnm
2
b
μ2
)(
1 + d
dη
)]
+ θ(η − 1)
[
4
η − 1
∣∣∣∣+
(
ln
(
(η − 1)2
η
m2b
μ2
)
− 1
)
− 2
η − 1
∣∣∣∣+
(
ln
(
(η2 − 1)2
η2
m2b
μ2
)
− 1
η2
)
− 2 1 − η1
(η2 − η1)(η2 − η)
(
ln
(
(η2 − 1)2
η2
m2b
μ2
)
− 1
)
+ 1
η
(
1
η
+ 2
η2
− 1
)
+ 2 1 + η − η1 − η2
(η1 − η)(η2 − η)
(
ln
(
(η − 1)2
η
m2b
μ2
)
− 1
)]
+ θ(1 − η)
[
2
(
ln
η2
(η2 − 1)2 +
1
η2
− lnm
2
b
μ2
)
1
η − 1
∣∣∣∣∣+
− 2 1 − η1
(η1 − η2)(η2 − η)
(
ln
η2
(η2 − 1)2 + 1 − ln
m2b
μ2
)
− 2 1
η2 − η
1 − η2
η2
]
. (29)
Note the operation,
F(η)
1 − η
∣∣∣∣+ = F(η)− F(1)1 − η , (30)
is introduced to avert the redundant IR divergences generated by taking the imaginary part. Fi-
nally, using the known F1(q2, M2, s0) and F0(q2, M2, s0) we achieve the function F(q2, M2, s0)
with O(αs) accuracy, where the changes of the hard kernel and the twist-2 DA with scale com-
pensate each other, having QCD factorization observed.
Contrasted with the above situation, neither UV nor IR divergences appear in the calculation 
of FQCD1 (q2, (p + q)2). The NLO hard kernel reads as,
T
H
1 (η1, η2, u) = 2
[
η21 − η1η2 − (1 − η1)(η2 − η1)ln(1 − η1)
η21(1 − η)
− (1 − η1)(η1 + η2)ln(1 − η1)
uη21(η2 − η1)
+ 2 (η2 − 1)ln(1 − η2)
u¯η2(η2 − η1)
− (η − 1)(η2 + η)ln(1 − η)
uu¯(η2 − η1)η2 −
η2 − η1
η1η
]
. (31)
From this, we derive the NLO function F 1(q2, M2, s0),
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2,M2, s0) = −fπ
π
s0∫
m2b
dse−s/M2
1∫
0
duImT H1 (η1, η2, u)ϕπ (u,μ), (32)
1
2π
ImT H1 (η1, η2, u) = δ(1 − η)
[
1 − η2
η1
− (η1 − 1)(η1 − η2)ln(1 − η1)
η21
]
+ θ(η − 1)
[
2(η2 − 1)
η2(η2 − η) −
(η − 1)(η2 + η)
uu¯η2(η2 − η1)
]
+ θ(1 − η) 2(η2 − 1)
η2(η2 − η) . (33)
As a consequence, the complete function F(q2, M2, s0) has a QCD factorized form, in which 
the hard kernel is scale-independent.
To proceed, we embark upon discussing the case of the tensor form factor, which is scale 
dependent, as compared with the vector and the scalar form factors. In dealing with the hard am-
plitude T˜ H1 (q
2, (p + q)2, u), we find that in addition to an IR divergence which can be removed 
as in the case of T H1 (q
2, (p + q)2, u), there is an UV divergence left after the mass renormal-
ization. It is not surprising because the operator renormalization has not been undertaken for the 
effective weak current, which is a linear combination of the tensor and the pseudo-tensor op-
erators. Use of the Dirac algebra γ5σμν = i2μνρσ σρσ shows that the effective operator has the 
same renormalization constant as the tensor current. After taking this point into account, the di-
vergence, indeed, is eliminated by the operator renormalization, which, from another perspective, 
provides a check of the calculation. We have the hard kernel,
T˜ H1 (η1, η2, u,μ)
= 4
mb
[(
1
1 − η +
η2 − 1
u(η2 − η1)2
)
L(η1)
+
(
1
1 − η −
1 − η1
u¯(η2 − η1)2
)
L(η2)+
(
1 − η2 − u(η1 − η2)
uu¯(η1 − η2)2 −
2
1 − η
)
L(η)
+
(
1 − η1
uη1(η2 − η1) +
1 − η1
η1(1 − η)
)
ln(1 − η1)
+
(
η2 − 1
η2(1 − η) −
η2 − 1
u¯(η2 − η1)η2
)
ln(1 − η2)
−
(
1
2η2
− η2 − 1
u¯(η2 − η1)η2 +
1 − η1
uη1(η2 − η1) −
2η2 + η2η1 − 2η1
2η1η2η
)
ln(1 − η)
−
(
1
2(1 − η) +
3
(1 − η)2
)
ln
m2b
μ2
+ 1
1 − η −
1
2η
+ 4
(1 − η)2
]
, (34)
and the imaginary part,
mb
4π
ImT˜ H1 (η1, η2, u,μ)
= δ(1 − η)
{
−7π2 + 1 + Li2(η1)− Li2(1 − η2)+ ln2(1 − η1)6
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(
1 − lnm
2
b
μ2
)
+ 1 − η1
η1
ln(1 − η1)
−
(
1 − η2
η2
+ lnη2
)
ln(η2 − 1)− 12 ln
m2b
μ2
+
(
−4 + 3lnm
2
b
μ2
)
d
dη
}
+ θ(η − 1)
{
1 − η1
(η2 − η1)(η − η2)
[
ln
(
(η2 − 1)2
η2
m2b
μ2
)
− 1
]
+ 1 + η − η1 − η2
(η − η1)(η2 − η)
[
ln
(
(η − 1)2
η
m2b
μ2
)
− 1
]
−
[
ln
(
(η2 − 1)2
η2
m2b
μ2
)
− 1
η2
]
1
η − 1
∣∣∣+ + 2
[
ln
(
(η − 1)2
η
m2b
μ2
)
− 1
]
1
η − 1
∣∣∣+
+ η1 − 1
η1(η − η1) −
1
2η2
+ η1η2 + 2(η2 − η1)
2ηη1η2
}
+ θ(1 − η)
{
1 − η1
(η2 − η1)(η − η2)
[
ln
(
(η2 − 1)2
η2
m2b
μ2
)
− 1
]
−
[
ln
(
(η2 − 1)2
η2
m2b
μ2
)
− 1
η2
]
1
η − 1
∣∣∣+ + 1 − η2η2(η2 − η)
}
. (35)
Since the correlation function (3) itself is scale dependent, the scale dependence of the resulting 
perturbative kernel does not cancel out that of ϕπ(u, μ). We achieve a scale-dependent factoriza-
tion form for F˜ (q2, M2, s0), with the NLO term,
F˜1(q
2,M2, s0) = −fπ
π
s0∫
m2b
dse−s/M2
1∫
0
duImT˜ H1 (η1, η2, u,μ)ϕπ(u,μ). (36)
It should be noted that μ dependence of the tensor form factor compensates that of the cor-
responding effective Wilson coefficient in the effective Hamiltonian responsible for the B →
π+− transitions.
Completing our LCSR calculations of f B→π+ (q2), f B→π0 (q2) and f
B→π
T (q
2), we associate 
with (13)–(16) the resulting LO and NLO expressions for F(q2, M2, s0), F(q2, M2, s0) and 
F˜ (q2, M2, s0).
Lastly, we make a few remarks. The vanishing contribution of the subleading twist-3 compo-
nents makes the twist-4 terms play a subdominant role in the twist expansions of the correlation 
functions, but they are highly suppressed by the factor of 1/(m2b − q2) with respect to the lead-
ing twist-2 ones, in small and intermediate kinematical region. The much smaller scale of the 
leading power corrections renders the resulting sum rules rapidly convergent. Additionally, it 
could be verified that no odd-twist component is involved in the present approach to any order 
in O(αs), because of their Dirac structures. This can especially help improve the existing LCSR 
calculations of the D → π vector form factor, where the chirally enhanced twist-3 contribution 
is numerically about twice as large as the twist-2 one, implying that the unknown twist-5 DAs 
might play a non-negligible role.
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We proceed to do numerical analysis, starting with choice of input parameters entering the 
LCSR expressions. Obviously, the leading twist-2 DA, which obeys a conformal expansion in 
the Gegenbauer polynomials as
ϕπ(u,μ) = 6uu¯
(
1 +
∞∑
n=1
aπ2n(μ)C
3/2
2n (u− u¯)
)
, (37)
remains the most important source of uncertainty in the sum rule computation. A keen in-
terest is taken in the first two moment parameters aπ2 (μ) and a
π
4 (μ), since the Gegenbauer 
polynomials of higher-degree, which are rapidly oscillating, are usually considered less im-
portant from a phenomenological point of view. Given that the existing determinations from 
some non-perturbative approaches involve a large uncertainty, one has attempted to acquire them 
by matching theoretical computation of a physical observable, regardless of the higher-moment 
corrections, with its experimental observation. For example, fitting the LCSR for the pion elec-
tromagnetic form factor to the experimental data obtains [30] aπ2 (μ = 1 GeV) = 0.17 ± 0.08
and aπ4 (μ = 1 GeV) = 0.06 ± 0.1. Also, there exists some effort in exploring the higher-moment 
effects [36,41–44]. A recent study of γ γ ∗ → π0 form factor [44] gives the three sets of fitted 
parameters at μ = 1 GeV:
(I) aπ2 = 0.130, aπ4 = 0.244, aπ6 = 0.179, aπ8 = 0.141, aπ10 = 0.116, aπ12 = 0.099,
(II) aπ2 = 0.140, aπ4 = 0.230, aπ6 = 0.180, aπ8 = 0.050,
(III) aπ2 = 0.160, aπ4 = 0.220, aπ6 = 0.080. (38)
Being aware that the fitted results given in the above and [30] stand just for the “effective” values 
corresponding to different approximations to the Gegenbauer expansion, we can have consistent 
results with each other, while they are used to make a theoretical prediction. We would like to 
choose as input the parameter sets of (38), and assign conservatively an uncertainty of 30% to 
them.
Concerning the twist-4 DAs, there are the following parameterizations in terms of the two 
non-perturbative quantities δ2π and επ :
φ4π (u) = 2003 δ
2
πu
2u¯2 + 8δ2πεπ {uu¯(2 + 13uu¯)
+ 2u3(10 − 15u+ 6u2)lnu+ 2u¯3(10 − 15u¯+ 6u¯2)lnu¯
}
,
ψ4π (u) = 203 δ
2
πC
1
2
2 (2u− 1),
4π (αi) = 120δ2πεπ (α1 − α2)α1α2α3,
4π (αi) = 30δ2π (μ)(α1 − α2)α23
[
1
3
+ 2επ (1 − 2α3)
]
,
˜4π (αi) = −120δ2πα1α2α3
[
1
3
+ επ (1 − 3α3)
]
,
˜4π (αi) = 30δ2πα23(1 − α3)
[
1 + 2επ (1 − 2α3)
]
. (39)3
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normalized at 1 GeV.
The additionally needed inputs include the b quark MS mass and decay constant of B meson. 
From a bottomonium sum rule calculation at four-loop precision level [46], the yielded estimate, 
mb(mb) = 4.164 ± 0.025 GeV, is extremely suitable as an input. As far as the latter goes, for 
consistency and also for narrowing down the uncertainty due to that quantity it is appropriate to 
take the two-point sum rule expression in terms of mb and with O(αs) accuracy [47]. In addition, 
we employ the measurement values [48], fπ = 130.41 MeV and mB = 5.279 GeV, and two-loop 
running down from αs(Mz) = 0.1185 ± 0.0006 [48] for the QCD coupling constant.
The factorization scale, at which all the renormalized parameters are determinable by using 
the related QCD renormalization group equations (RGEs), is set at μ = 3.0+1.5−0.5 GeV in the light 
of the typical virtuality of the underlying b quark, in the case of both f B→π+ (q2) and f B→π0 (q2). 
For the scale dependent quantity f B→πT (q2), we estimate it at μ = 3.0 GeV and μ = 4.8 GeV, 
the typical scale of b-quark mass.
As two intrinsic parameters, the effective threshold s0 and Borel variable M2 could be fixed in 
the standard procedure. Not being an universal quantity, the threshold parameter has to be inde-
pendently pinned down for every sum rule we have. Taking derivative with respect to 1/M2
for the LCSR representations, and adjusting the yielded sum rules for B-meson mass to its 
measurement value, one arrives at a common result, s0 = (34 ± 0.5) GeV2, which is below 
the threshold estimated in the conventional LCSR approach, as expected [20,34]. As for the 
Borel parameter, we choose to use, as a sum rule window shared in all these cases, the inter-
val M2 = (17 ± 4) GeV2, in which whereas the lower limit is obtained by keeping the twist-4 
terms numerically reasonably small, the upper limit is determined by demanding that the higher-
resonance and continuum contribution should not get too large. Along the same lines, one can 
determine, for the sum rule for fB , the threshold and Borel intervals as s¯0 = (36.5 ± 1) GeV2
and M2 = (5 ± 1) GeV2.
Equipped with the specified inputs, we can assess q2-behaviors of the B → π+− form fac-
tors in the region 0 ≤ q2 ≤ 12 GeV2 we conservatively set. The consistency is affirmed among 
the calculations with the three sets of Gegenbauer inputs. We intend to illustrate our numerical 
results by focusing on the case with the parameter set (III) in (38). There is a good stability of 
the sum rules against the variation of the Borel parameter (see Fig. 2). Moreover, as the scale pa-
rameter varies in the interval required, the sum rules for f B→π+ (q2) and f B→π0 (q2), as expected 
and displayed in Fig. 3, change by less than 3.5% depending on q2, showing less sensitivity to 
that parameter. Including the uncertainties achieved by adding in quadrature the separate errors 
due to variations of the inputs, the resulting form factor shapes are demonstrated in Fig. 4, and il-
lustrating how differently the tensor form factors yielded at the two designated scales behave, we 
give a direct comparison of their central values in Fig. 5. Further, for an explicit understanding 
of the role that every source of uncertainty plays in the uncertainty evaluation, a breakdown is 
presented in Table 1 of their individual uncertainty contributions estimated in the case of q2 = 0, 
where the following sum rule results are obtained:
f B→π+(0) (0) = 0.260+0.017−0.013, (40)
f B→πT (0)
∣∣
μ=4.8(3) GeV = 0.293+0.014−0.015 (0.290 ± 0.018). (41)
The resulting form factors show a behavior very similar to what is observed in the standard 
LCSR approach [28–30,24]. Taking the case of the vector form factor as an example illustrating 
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The solid lines indicate the central values and the regions between the dotted and dashed lines do the uncertainties. The 
situation with μ = 3 GeV, which is similar to the one as shown in (c), is not illustrated.
Fig. 3. Stability of the LCSRs for f B→π+ (q2) and f B→π0 (q2) with respect to the variation of the factorization scale. 
The solid lines denote the central values and the regions between the dotted and dashed lines do the uncertainties.
this, in Fig. 6 we display the findings based on the two different correlation functions, which, al-
beit the recent evaluation with a statistical analysis taken into consideration [24] gives a relatively 
larger central value (dotted line), are comparable with each other after including the uncertainties. 
However, the sum rule predictions made in [28–30], as shown in the case of q2 = 0 (see Table 2), 
are subject to a larger uncertainty than estimated presently, mainly because of the chirally en-
hanced twist-3 components, which contribute, for example, an uncertainty of about (6–10)% to 
the sum rules for the vector form factor, accounting for half or more of the overall uncertainty 
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and the shadow regions show the uncertainties. The dashed (dotted) lines denote the central values corresponding to the 
parameter set (I) ((II)) of (38).
Fig. 5. The central values of the LCSRs for B → π tensor form factor at μ = 3.0 GeV and μ = 4.8 GeV.
Table 1
The LCSR results for the B → π form factors at q2 = 0 and their uncertainties due to each source of uncertainty.
Form factor Central value {aπ2 , aπ4 , aπ6 } mb μ {δ2π ,ω4π } {M2, s0} {M
2
, s¯0}
f B→π+(0) (0) 0.260 +0.009 +0.002 +0.009 +0.001 +0.009 +0.006−0.009 −0.002 −0.001 −0.001 −0.008 −0.005
f B→π
T
(0)
∣∣∣
μ=3.0 GeV 0.290 +0.011 +0.004 – +0.008 +0.010 +0.006−0.011 −0.004 – −0.008 −0.010 −0.006
f B→π
T
(0)
∣∣∣
μ=4.8 GeV 0.293 +0.004 +0.003 – +0.008 +0.009 +0.006−0.004 −0.003 – −0.008 −0.010 −0.006
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determination and the dashed (dotted) line corresponds to estimate with the standard correlation function presented 
in [28] ([24]).
Table 2
Comparison of the resulting B → π form factors at q2 = 0 with the LCSR predictions using the standard correlation 
functions [28–30,24] and the chirally extrapolated result by the Fermilab/MILC collaboration [23].
Form factors [28] [29] [30] [24] [23] This work
f B→π+(0) (0) 0.258 ± 0.031 0.26+0.04−0.03 0.281+0.027−0.029 0.31 ± 0.02 0.20 ± 0.14 0.260+0.017−0.013
f B→π
T
(0)
∣∣∣
μ=3.0 GeV – 0.255 ± 0.035 – – – 0.290 ± 0.018
f B→π
T
(0)
∣∣∣
μ=4.8 GeV 0.253 ± 0.028 – – – – 0.293
+0.014
−0.015
estimated. Furthermore, from the resulting OPE forms or by a direct calculation, it can be seen 
that this uncertainty difference increases with q2.
In a certain form factor parametrization, our sum rule predictions have been continued analyti-
cally to the entire kinematically accessible region for B → π+−, 0  q2 ≤ q2max = (mB −mπ)2
(∼ 26.4 GeV2) in [49], where the form factor shapes determined at μ = 4.8 GeV are used to con-
fine the Majorana neutrino contribution to the B → πμ+μ−, aimed at studying the same-sign 
dilepton decays of B meson induced by such neutrino, a lepton flavor violating channel. From 
Fig. 4(c) we can find, though, that the obtained shapes of the tensor form factor by taking the 
distinct sets of Gegenbauer inputs, despite being very close to one another, have the different 
evolving trends with the increasing q2. This would leads to a larger numerical uncertainty, if 
an analytical continuation is performed. In addition, when extrapolating the LCSR calculations 
with the standard correlation function to high q2, the resulting observations for the scalar and ten-
sor form factors, according to the existing LQCD predictions, are unsatisfactory on the whole, 
though a favorable q2-behavior is exhibited in the case of the vector form factor (see Fig. 7). The 
defect of the extrapolation approach is also reflected in the pQCD-based calculation [5], where 
an obvious downward deviation from the LQCD data is found for the scalar form factor. Hence 
we might suspect that the B → πτ+τ− branching ratios, which depend strongly on the scalar 
form factor due to the large tau-lepton mass, are underestimated in [5].
3. Form factor shapes in the whole kinematical region
To reduce uncertainty in determining the high-q2 behaviors of the form factors by extrapo-
lating a LCSR calculation, we make the best of the complementarity of the LCSR approach and 
Z.-H. Li et al. / Nuclear Physics B 900 (2015) 198–221 215Fig. 7. The LCSR results (central values) for the B → π form factors extrapolated to the whole kinematical region 
0 ≤ q2 ≤ 26.4 GeV2. The solid (dashed, dotted) lines indicate the determinations given in [28] ([24,30]). The red (blue, 
green) vertical-bars denote the available LQCD data from HPQCD [50] (Fermilab/MILC [51], RBC/UKQCD [22]) 
collaboration, while the magenta ones show the results from combined use of the LQCD data on the B → K tensor form 
factor and a SUF (3) symmetry breaking ansatz [6] (see the following section). (For interpretation of the references to 
color in this figure legend, the reader is referred to the web version of this article.)
LQCD simulation, and analyticity of the form factors. To be specific, for each form factor we fit 
simultaneously the theoretical predictions of these approaches to a series expansion in the map-
ping function z(q2, t0), which transforms the complex q2-plane with a cut along the positive real 
axis onto the inner part of the unit circle | z |= 1 in the z-plane [52,53],
z(q2, t0) =
√
(mB +mπ)2 − q2 −
√
(mB +mπ)2 − t0√
(mB +mπ)2 − q2 +
√
(mB +mπ)2 − t0
, (42)
where the auxiliary parameter t0(< (mB + mπ)2) can be chosen as t0 = (mB + mπ)2 −
2√mBmπ
√
(mB + mπ)2 − q20 , with the quantity q20 to be suitably determined. Because the kine-
matical region in consideration can be mapped onto a quite small interval in the z plane by 
selecting optimally t0, an expansion around z = 0, with the first few terms retained, furnishes a 
state-of-the-art analytic approach to the form factors.
Taking into account general analytic properties of the form factors, instead of the direct ex-
pansion we adopt the Bourrely–Caprini–Lellouch (BCL) versions [53,38]:
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2) = f
B→π
+(T ) (0)
1 − q2/m2B∗
{
1 +
N−1∑
k=1
b
+(T )
k
[
z(q2, t0)
k − z(0, t0)k
−(−1)N−k k
N
(
z(q2, t0)
N − z(0, t0)N
)]}
, (43)
f B→π0 (q
2) = f B→π0 (0)
{
1 +
N∑
k=1
b0k
(
z(q2, t0)
k − z(0, t0)k
)}
, (44)
with the B∗-meson mass mB∗ = 5.325 GeV. Having a prefactor ∼ (1 − q2/m2B∗)−1, the z series 
(43) provides an improvement to the B∗-pole dominance. For the scalar form factor there is no 
similar factor involved for obvious reason. The condition of unitarity does not provide, for small 
N , a restrictive bound on the coefficients b+(0,T )k , as argued in [53]. For simplicity we choose 
to work with a two-parameter form; that is, we truncate the expansions (43) and (44) by taking 
N = 3 and N = 2, respectively.
At present, the LCSR predictions for f B→π+ (q2) and f B→π0 (q2) presented in the above 
section, along with the LQCD results from the HPQCD [50], Fermilab/MILC [51] and 
RBC/UKQCD [22] collaborations, are applicable to constrain the expansion parameters b+(0)i
(i = 1, 2). However, the sum rules for the ratios f B→π+(0) (q2)/f B→π+(0) (0) are available to reduce 
the uncertainty due to the non-perturbative inputs. They are calculable in an enlarged region 
q20 ≤ q2 ≤ 12 GeV2(q20 < 0), due to the fact that the b quark in the correlation function is even 
farther away from its mass shell at q2 < 0 than at q2 > 0, and hence a tighter restraint can be 
put on the expansion coefficients. The lower limit q20 is specified as q
2
0 = −5 GeV2, in order to 
guarantee the light-cone OPE’s a good perturbative hierarchy. With this choice, we could fix the 
parameter t0 and further the mapping function. A couple of typical mapping results are listed as 
follows: q20 → |z| = 0.30, q2 = 0 → |z| = 0.26 and q2 = 26.4 GeV2 → |z| = 0.13. We choose as 
input the resulting ratios at 35 equally spaced points on the q2 interval [−5, 12] GeV2, including 
the endpoints.
The fitting is performed by using the FindFit function in Mathematica. All the available LQCD 
data on the vector form factor, including those recently released by the RBC/UKQCD [22] and 
Fermilab/MILC [23] collaborations, turn out to be consistent with one another and hence they can 
be used together. With respect to the scalar form factor, though, there seems to exist a discrepancy 
between the LQCD predictions by the RBC/UKQCD and the HPQCD collaborations. Unless and 
until this issue is clarified, a separate consideration of both sets of data should be in order. On 
the other hand, no information being available on the correlation among the lattice data, we do 
not reckon in the effect due to the correlation variations of the form factors at different q2, as 
done in [15]. The optimal parameter sets, yielded for each of the vector and scalar form factors 
by separately fitting the central values, upper and lower limits of the theoretical predictions, 
are summarized in Table 3. Using these fitted parameters, we get an analytical expression for 
describing q2 dependence of both form factors in the kinematically allowed space-like as well as 
time-like regions.
For the tensor form factor, a lattice simulation has recently been performed [54], but only a 
preliminary result being known. To arrive at a good understanding of its behavior at high q2, the 
authors of [6] connect the B → π with the corresponding B → K form factors,
f B→π+(0,T )(q
2) = f
B→K
+(0,T )(q2)
2 , (45)1 +R+(0,T )(q )
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BCL parameter sets obtained for separate estimates for the central values, upper and lower limits of the B → π vector 
(scalar) form factor as a function of q2. The top (bottom) row in the data-set for f B→π0 (q2) corresponds to the results 
with as input the LQCD data from the RBC/ UKQCD (HPQCD) collaboration.
Parameter sets Central values Upper limits Lower limits
(f B→π+ (0), b+1 , b
+
2 ) (0.260,−2.307,−0.921) (0.277,−2.992,1.779) (0.247,−1.483,−3.847)
(f B→π0 (0), b01, b02) (0.260,−5.413,5.240) (0.277,−5.611,5.708) (0.247,−5.092,4.747)
(0.260,−6.933,6.635) (0.277,−7.218,8.113) (0.247,−6.487,4.979)
by invoking a SUF (3) symmetry breaking function R+(0,T )(q2), and make use of the available 
lattice results on both f B→K+,0,T (q2) [55] and f B→π+,0 (q2) and an ansatz
RT (q
2) = R+(q
2)+R0(q2)
2
, (46)
which has been shown to be effective for low q2 by a calculation based on heavy quark symme-
try [6]. The results at eight q2’s are demonstrated in Fig. 7(c) and Fig. 8(d). We need to stress that 
they are obtained at μ = 4.8 GeV, the same scale at which the low-q2 behavior of the form factor 
has been predicted before by resorting to the LCSR method. Seeing that the resulting predictions 
may be regarded as QCD-based to a large extent, it should be in order that we use them for the 
parameter fitting in the absence of an available lattice estimate. Then the BCL parameter sets for 
the tensor form factor are obtained by doing the same as in the case of fB→π+(0) (q2). We give our 
fitting results corresponding to μ = 4.8 GeV in Table 4.
In the fitted BCL parameterizations (43) and (44), the B → π form factors are now un-
derstandable in the whole q2 region. In Fig. 8, illustrated are the resulting shapes of the form 
factors, including the two fitted scalar form factors (Fig. 8(b) and Fig. 8(c)), which are achieved, 
respectively, by using as input the LQCD data from the RBC/UKQCD and the HPQCD collabo-
rations and therefore show an evidently different behavior at high-q2. At q2 = q2max, there are the 
following observations: f B→π+ (q2max) = 8.584+2.007−1.987, f B→π0 (q2max) = 1.080+0.104−0.101(1.309+0.140−0.137), 
corresponding to Fig. 8(b) (Fig. 8(c)), and f B→πT (q2max) = 6.257+0.929−0.888. They are listed in Ta-
ble 5, along with the corresponding estimates by separately extrapolating the LQCD [22,23] and 
the LCSR calculations [28,30,24].
As can be clearly seen from Fig. 9, the resulting prediction for the vector form factor could 
well account for the result extracted from the experimental data on the form factor shape mul-
tiplied by the element |Vub| [6] and supports the extrapolated LQCD as well as LCSR ones. 
As far as the scalar form factor goes, for consistency we compare our fitting curves plotted in 
Fig. 8(b) and Fig. 8(c), respectively, with the chirally extrapolated LQCD results [22,23] and the 
q2-behavior observed by the combined use of the LQCD data from the HPQCD collaboration 
and heavy quark symmetry relations [6], a similar approach to ours. In the former case and at low 
and intermediate q2, there is a larger deviation from each other in the central value, as exhibited 
in Fig. 8(b), and furthermore, even though reckoning in the estimated uncertainties, the differ-
ence is still obvious, suggesting that determination of the scalar form factor depends sensitively 
on the choice of analytic continuation schemes. In contrast, a good agreement is demonstrated 
in the latter case, and the similar conclusion can be drawn for the tensor form factor, as a com-
parison is made with the estimate of [6]. At this point, it should be emphasized that whereas in 
[6] the form factor relations in the heavy quark limit are applied to constrain behaviors of the 
scalar and tensor form factors in the large recoil region, for the same purpose here we resort to 
218 Z.-H. Li et al. / Nuclear Physics B 900 (2015) 198–221Fig. 8. Shapes of the B → π form factors from the fitted BCL parameterizations. The solid lines represent the central 
values, and the yellow shadow regions do the uncertainties. The fitted results shown in (b) and (c) denote, respectively, 
the observations using as input the LQCD data from the RBC/UKQCD and from the HPQCD collaborations. The dashed 
(dotted) line shows the central values of the preferred fitted results from the RBC/UKQCD (Fermilab/MILC) collabo-
ration, and the magenta vertical-bars indicate the same as those of Fig. 7(c) do. (For interpretation of the references to 
color in this figure legend, the reader is referred to the web version of this article.)
Table 4
BCL parameter sets obtained for separate estimates for the central values, upper and lower limits of the B → π tensor 
form factor as a function of q2.
Parameter sets Central values Upper limits Lower limits
(f B→π
T
(0), bT1 , b
T
2 ) (0.293,−0.826,−2.271) (0.307,−1.087,−2.020) (0.278,−0.567,−2.468)
Table 5
Comparison of the resulting B → π form factors (central values) at q2max = 26.4 GeV2 with the extrapolated LQCD 
[22,23] as well as LCSR [28,30,24] results.
Form factors [28] [30] [24] [22] [23] This work
f B→π+ (q2max) 9.766 7.740 7.558 7.562 8.161 8.584
f B→π0 (q2max) 1.179 0.906 – 1.151 1.016 1.080(1.309)
f B→π
T
(q2max) 14.492 – – – – 6.257
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factor curves not shown coincide to a reasonably large extent with each other.
the LCSR calculations with a chiral current correlator, from which the resulting heavy-to-light 
form factors could comply explicitly with the heavy quark limit behavior as predicted by soft 
collinear effective theory (SCET) [40]. As a result, the symmetry breaking corrections have been 
included systematically in the present estimates.
It is realistic to expect very soon the release of available LQCD data on the fB→πT (q2) form 
factor. Then we can have an updated determination of its global behavior, which, however, is 
not expected to substantially improve the present result. We also look forward to more LQCD 
researches on the scalar form factor, to address the existing discrepancy in determination of this 
quantity between the HPQCD and the RBC/UKQCD (Fermilab/MILC) collaborations. The same 
approach applies to exploring the corresponding B → K form factors.
4. Summary
We have reinvestigated the B → π+− form factors in the whole kinematical region, by 
a combined use of the LCSR predictions, LQCD data, SUF (3) symmetry breaking ansatz and 
analyticity of the form factors.
To twist-2 NLO accuracy and with the MS mass for the underlying b quark, the shapes of the 
form factors in the region 0 ≤ q2 ≤ 12 GeV2 are estimated in the LCSR approach with a chiral 
current correlator, and a result free of pollution by twist-3 is obtained. Further, in the case of 
both vector and scalar form factors, a combined fit to a two-parameter BCL series is carried out 
of the sum rule results in an enlarged q2 region and the corresponding LQCD ones available at 
some high q2’s. Two different fitting results are obtained for the scalar form factor, by separately 
using as input the LQCD data from the RBC/UKQCD and the HPQCD collaborations. Given 
lack of available LQCD data on the tensor form factor, as a similar procedure is applied for an 
all-around understanding of its behavior we use as a constraint condition at high q2 the LQCD 
prediction for the corresponding B → K form factor in conjunction with a SUF (3) symmetry 
breaking ansatz. A systematical comparison is made between the present and previous estimates. 
It is shown that our findings are consistent with the recent study by Ali, Parkhomenko and Rusov, 
and the resulting observation for the vector form factor supports the chirally extrapolated LQCD 
results as well as LCSR-based investigations.
We could of course reexamine the B → π+− decays using the present findings. However, 
before doing so, a more in-depth study is needed of both the weak-annihilation effect and non-
local correction due to hadronic resonances, which is regarded as another important source of 
220 Z.-H. Li et al. / Nuclear Physics B 900 (2015) 198–221uncertainty in determining CP asymmetry in the charged modes. We put off further discussion to 
future work.
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